Gauge invariant Lagrangian descriptions of irreducible and reducible half-integer higher-spin mixed-symmetric massless and massive representations of the Poincare group with off-shell algebraic constraints are constructed within a metric-like formulation in a d-dimensional flat space-time on the basis of a suggested constrained BRST approach. A Lorentz-invariant resolution of the BRST complex within the constrained BRST formulations produces a gauge-invariant Fang-Fronsdal Lagrangian entirely in terms of the initial triple gamma-traceless spin-tensor field Ψ (µ)n with gamma-traceless gauge parameter. The triplet and quartet formulations are derived. The minimal (un)constrained BRST-BV actions for above formulations are obtained, from proposed constrained BRST-BV approach to be by appropriate tools to construct interacting constrained Lagrangians.
Introduction
Many modern issues of high-energy physics are related to higher-spin (HS) field theory, remaining by the part of the LHC experiment program. The tensionless limit of superstring theory [1] with help of BRST operator includes an infinite set of HS fields with integer and half-integer generalized spins and incorporates HS field theory into superstring theory and turns it into a method of studying the classical and quantum structure of the latter (for the present status of HS field theory, see the reviews [2] , [3] , [4] ). Whereas (un)constrained BRST-BFV (see original papers to quantize constrained dynamical systems [5] , [6] ) and constrained BRST-BV approaches to construct respectively gauge-invariant Lagrangian formulations (LFs) and BV field-antifield actions for integer HS fields on constant curvature space-times with(out) off-shell holonomic constraints are known, see e.g. [7] . [8] , [9] , [10] and [11] , [12] , [13] constrained BRST-BFV and BRST-BV methods to be applied to the same aims for the half-integer HS fields have not been till developed. The paper suggests constrained BRST-BFV and BRST-BV approaches for construction of LFs and BRST-BV actions in the minimal sector of the field-antifield formalism for free (ir)reducible Poincare group representations with half-integer spins in a flat R 1,d−1 -space-time subject to an arbitrary Young tableaux (YT) with k rows, Y (s 1 , s 2 , ..., s k ), with spin s = (n 1 + for n 1 ≥ n 2 ≥ ... ≥ n k [14] , in a metric-like formalism (for the study of the LFs in the metric-like and the frame-like formalisms beyond the BRST methods, see e.g. [15] and [16] , [17] ). The latter constrained BRST-BV action presents a natural ground for the procedure of consistent construction of the interacting LFs for such HS fields.
The paper is based on the research [18] , [19] and organized as follows. In Section 2, we suggest the constrained BRST-BFV LFs for half-integer mixed-symmetric (MS) HS fields. In Section 3 a new formalism is applied for the case of totally-symmetric (TS), s = n + 1 2 , HS field in various representations. The construction of a minimal field-antifield actions on a base of natural extension of BRST-BFV approach up to a constrained BRST-BV method for half-integer HS fields is considered in Section 4.
The convention η µν = diag(+, −, ..., −) for the metric tensor, with the Lorentz indices µ, ν = 0, 1, ..., d − 1, the relations {γ µ , γ ν } = 2η µν for the Dirac matrices γ µ ,and the notation (A), [ 
Constrained BRST-BFV Lagrangian formulations
There exists two equivalent ways of derivation constrained BRST-BFV approach for LFs for half-integer HS fields [18] , first, from unconstrained BRST-BFV method, developed for arbitrary half-integer HS fields in Minkowski space R 1,d−1 [20] (see therein for the references on unconstrained BRST-BFV approach for half-integer HS fields), second, in self-consistent way. We consider here in details the second possibility. To do so remind, a massless halfinteger spin irreducible representation of the Poincare group in R 1,d−1 is described by a rank-
A with generalized spin s (for suppressed Dirac index A), subject to a YT, Y (s 1 , ..., s k ) with k rows of length n 1 , ..., n k . The field (being symmetric with respect to permutations of each type of Lorentz indices µ i ) satisfies differential (Dirac) equation (1) and algebraic equations (γ-traceless and mixedantisymmetry ones) (2) :
where the underlined figure bracket means that the indices inside do not take part symmetrization. Equivalently, the relations for general state (Dirac spinor) |Ψ from Fock space H generated by k pairs of bosonic (symmetric case) oscillators a
with the generalized spin constraints imposed on |Ψ in terms of number particle operator g Poincare group representation. In (4) we have used of d + 1 Grassmann-odd gamma-matrix-like objects {γ,γ µ } to be equivalent to the standard ones: γ µ , whose explicit realization differs in even, d = 2N , and odd, d = 2N + 1, N ∈ N dimensions (see for details [18] ). :For even-valued dimension we have
whereas for odd-valued one, the second and third relations in (6) are changed on [γ µ ,γ] = 0, γ 2 = 1 with unchanged others. The set of primary constraints {t 0 , t i , t ij , g i 0 }, (t 0 ) = (t i ) = 1, (t ij ) = (g i 0 ) = 0 will be closed with respect to the [ , }-multiplication if we add to them divergentless,
The reality of the Lagrangian with consistent off-shell holonomic constraints requires a closedness for subset of differential constraints, o A , with respect to the appropriate hermitian conjugation defined by means of odd scalar product in H:
that means the set:
composes the first-class constraints subsystem. The holonomic constraints t i , t rs itself generate the superalgebra of total set of constraints {o a } = {t i , t rs , l lm } in H. The algebraically independent subset of {oā} ⊂ {o a } is given by:
As the result the superalgebra
to be named as constrained half-integer HS symmetry algebra in Minkowski space with a YT having k rows with off-shell set of algebraic constraints {t i , t rs } and g i 0 appears by necessary objects to construct constrained LF for HS fields of spin s. The nilpotent constrained BRST operator for the system of {o A } in the Hilbert space
gh , BRST-extended independent algebraic constraints, constrained spin operator determined as
should satisfy to the consistency conditions:
known [18] as the generating equations for superalgebra of the constrained BRST, Q c spin operators σ i c (g) and extended off-shell constraints T i , T rs . The exact solutions of (12) for unknown σ i c (g), T i , T rs exists in the form:
Presenting the general state vector |χ c ∈ H c (for (gh H , gh L )|Ψ(a
and decomposing
we have the spectral problem analogous to one for unconstrained case [20] :
with |χ 
) and proper eigen-vectors |χ l c (n) k . The solution of the rest equations is written as the second-order equations of motion and sequence of the reducible gauge transformations (18) with off-shell constraints (19) :
The corresponding BRST-like constrained gauge-invariant action (as for integer HS field)
contains second order operator l 0 , but less terms in comparison with its unconstrained analog [20] . Repeating the procedure of the removing the dependence on l 0 , η 0 , q 0 from the BRST operator Q c (10) and from the whole set of the vectors |χ l c (n) k as it was done for unconstrained case by means of partial gauge-fixing we come to the: Statement: The first-order constrained gauge-invariant Lagrangian formulation for halfinteger HS field, Ψ (µ 1 )n 1 ,...,(µ k )n k (x) with generalized spin (s) k = (n) k +( 1 2 , ..., 1 2 ), is determined by the action,
invariant with respect to the sequence of the reducible gauge transformations (for s c − 1 = (k − 1)-being by the the stage of reducibility):
(for l = −1, 0, ..., k − 1 and |χ
= 0, m = 0, 1) with off-shell algebraically independent BRST-extended constraints imposed on the whole set of field and gauge parameters:
The first constraints in q 0 -independent form read
In the massive case for d = 2N , N ∈ N we should to add k pairs of additional even oscillators in differential constraints:
) and in decomposition for |χ l(1) 0|c (14) in accordance with [18] . For odd dimensions, d = 2N + 1 the Lagrangian formulation for massive HS fields may be extrapolated from one given in even dimension in terms of the ghost-independent or spin-tensor forms, which depends only on the standard Grassmann-even matrices γ µ , and does not depend onγ µ ,γ, due to the presence of the latter only as even degrees inside the Lagrangian, and due to the homogeneity of the gauge transformations w.r.t.γ (see [18] for details). In [18] it is shown the constrained Lagrangian formulation (21)-(23) is equivalent to unconstrained one for the same HS field and therefore equivalent to the dynamics to be determined by the initial irreps conditions (1), (2).
Fang-Fronsdal, triplet, quartet Lagrangians
We demonstrate the above general results on the example of TS (k = 1) spin-tensor field, Ψ (µ)n of spin n + 1 2 , which is subject to Dirac (1) and γ-traceless equation only from (2) and therefore is described by 2 Grassman-odd operators
with respective proper eigen-values (0, 0, (n + 
whose algebra satisfy to the relations (12) . The first-order constrained irreducible gaugeinvariant LF for the field, Ψ (µ)n are given by the relations (21), (22) 0|c n according to (23) , (24) for |χ 1 (1) 0|c n ≡ 0. The field vectors and gauge parameter being proper for σ c (g) have the decomposition in ghosts η
The constraints (24) are resolved as the γ-traceless constraint for the gauge parameter ξ (µ) n−1
and triple γ-traceless one for Ψ (µ)n :
and therefore, (21)) and the gauge transformations in terms of independent field vector |Ψ n in the ghost-free form look as
The gauge invariance for the action S c|(n) is easily checked with use of the Noether identity:
modulo the operators L(t + 1 , t 0 , l 1 , l + 1 )t 1 vanishing when acting on the γ-traceless vectors. The variational derivative of the functional δS c|(n) = Ψ |L(t 0 , t 1 , ...)|ξ + ξ |L + (t 0 , t 1 , ...)|Ψ (with the kernel L(t 0 , t 1 , ...) in (33)) with respect to the vector |ξ was introduced above.
In the spin-tensor form the action and the gauge transformations take the familiar form [21] with accuracy up to the common coefficient (n!) −1 :
where each term in (34) and (35) corresponds to the respective summand in (31), whereas for the last expression we have used Fang-Fronsdal notations [21] with identifications,
The triplet formulation to describe Lagrangian dynamic of the field Ψ (µ)n with help of the triplet of spin-tensors Ψ (µ)n , χ
, χ (µ) n−2 and gauge parameter ξ (µ) n−1 subject to the offshell 3 constraints on the field vectors, |Ψ n , |χ 1 n−1 , |χ n−2 (30) and γ-traceless constraint on |ξ n−1 in the ghost-independent form
coincides with one suggested in [22] . Without off-shell constraints the triplet formulation describes the free propagation of couple of massless particles with respective spins (n + ),..., 1 2 . It was shown in [23] that this formulation maybe described within unconstrained quartet formulation with additional, to the triplet, compensator field vector |ς n−2 , whose gauge transformation is proportional to the constraint on |ξ n−1 : δ|ς n−2 =γt 1 |ξ n−1 and the whole off-shell constraints (30) are augmented by the terms proportional to |ς to provide theirs total gauge invariance with respect to (38) and above gauge transformations for |ς :
Introducing the respective Lagrangian multipliers: fermionic n−1 λ 1 |, bosonic n−2 λ 2 |, fermionic n−3 λ 3 | with trivial gauge transformations, the equations (39) and theirs hermitian conjugated may be derived from the action functional
so that, the gauge-invariant functional,
determines the unconstrained LF for massless spin-tensor of spin (n + 1 2 ) in terms of quartet of spin-tensor fields Ψ (µ)n , χ
with help of three Lagrangian multipliers λ (µ) n−i i , i = 1, 2, 3 with trivial, as it was shown in [23] , dynamics. The constrained LF for the massive TS spin-tensor maybe explicitly obtained by means of procedure related to the dimensional reduction [18] .
Constrained Minimal BRST-BV actions
Here we follow to the research [19] , where the constrained BRST-BV approach to formulate minimal BV action for integer and half-integer HS fields on R 1.d−1 is suggested and, in part, to [24] for mixed-antisymmetric integer higher-spin fields. First of all, we weaken the vanishing of gh L on the component spin-tensors in the decomposition (14) , when considering instead of field vector |χ c ∈ H c the generalized field-antifield vector |χ g|c ∈ H g|c = H g ⊗ H 
which due to the vanishing of the total ghost number and Grassmann parity may be combined with |χ 0 c n in generalized field vector :
with untouched |χ
are combined into generalized antifield vectors as follows:
for the ghost-andγ-independent antifield vectors |Ψ 
The functional S c|(n) is invariant with respect to the Lagrangian BRST-transformations 
where the field, antifield vectors are subject to the off-shell BRST extended constraints according to (23) , ( 
The resolution of (52), (53) is reduced due to (30) to the form (t 1 ) 3 (|Ψ , |Ψ * ) = 0, t 1 (|Ψ n , |Ψ * n ) =γ (|χ 1 n−1 , −|χ * 1 n−1 ) , (54) t 1 (|C c n−1 , |C * c n−1 ) = 0, (|χ n−2 , |χ * n−2 ) = 
